DERIVED AUTOEQUIVALENCES AND A 
WEIGHTED BEILINSON RESOLUTION 



ALBERTO CANONACO AND ROBERT L. KARP 

Abstract. Given a smooth stacky Calabi-Yau hypersurface X in a weighted projective space, we 
consider the functor G which is the composition of the following two autoequivalences of T> (X): 
the first one is induced by the spherical object Ox, while the second one is tensoring with OxiX)- 
The main result of the paper is that the composition of G with itself w times, where w is the sum 
of the weights of the weighted projective space, is isomorphic to the autoequivalence "shift by 2" . 
The proof also involves the construction of a Beilinson type resolution of the diagonal for weighted 
projective spaces, viewed as smooth stacks. 



1. Introduction 

Recent years have seen an increased activity in the study of algebraic varieties via their de- 
rived categories of coherent sheaves. Although this algebraic approach is indirect compared to the 
geometric investigations involving divisors, curves, or branched covers, just to name a few, it is 
nevertheless quite promising, as in some cases it allows for a deeper understanding. This is the 
case of varieties with interesting groups of derived autoequivalences, and in particular those with 
Kodaira dimension 0, where the autoequivalences are symmetries of the variety not visible in the 
geometric presentation. 

Despite significant progress, our understanding of the derived categories of coherent sheaves and 
their autoequivalences is limited (for a recent review we refer to |Br2j ). In the present paper we 
hope to further this understanding by proving certain identities involving Fourier-Mukai functors 
on quasi-smooth Calabi-Yau varieties, viewed as smooth Deligne-Mumford stacks. The origin of 
these identities is closely tied with mirror symmetry. We first present our main result, then describe 
the setting in which it arises. 

Let P n (w) be an n-dimensional weighted projective space over a field k, regarded as a smooth 
proper Deligne-Mumford stack, with weight vector w = (wo, Wi, . . . , w n ), and let w = X^=o w * 
denote the sum of all the weights. We have several equivalent ways to think about P n (w): graded 
scheme [C], toric stack [BCS], or quotient stack |AKO| . 

Let X be an anti-canonical hypersurface in P n (w). By the stacky version of Bertini's theorem the 
generic member of the linear system |— Kpn^l = |Op»i( w )( w )l is a proper smooth Deligne-Mumford 
stack. Let D b (X) denote the bounded derived category of coherent sheaves on the stack X. We 
have two functors naturally associated to this data: 

(1) L: B b (X) — » D b (X) L(F)=F®O x (l), 
and 

(2) K : B b (X) — > B b (X) K(F) = C(RHom x (Ox, F) <8 k O x — F) , 
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for all T € T) b (X). The morphism in K is the evaluation map, and C is its cone. For an in- 
teger m we also have the autoequivalence of D b (X) given by the translation functor (— )[m]; 
its action is "shift by m", i.e., T \— > J-"[m]. In fact also L is clearly an equivalence, and the 
same is true for K thanks to [ST] , where it is proved more generally that the functor defined by 
T i ^ C(RHomx(£, T) <8>k £ — ► F) is an autoequivalence of D b (X) whenever £ is a spherical object, 
i.e., an object of D b (X) such that £ (g> u>x = £ and 



Hom Db(x) (£,£ [i]) 



k if i = 0, dim(X) 
otherwise. 



Note that X being Calabi-Yau immediately implies that Ox is a spherical object. Our main result 
is then the following non-trivial relation in the group Aut(D fe (X)) of (isomorphism classes of) 
autoequivalences of D b (X): 

Theorem 1.1. Let X be a smooth anti- canonical stacky hypersurface in the Deligne-Mumford stack 
P n (w), and let G = LoK, where L and K are the autoequivalences ofD b (X) defined in ([T]) and ([2]). 
Then there is an isomorphism of functors: 

(3) Go • ■ ■ oG g {-)\2\. 

w-times 

Let us spend some time trying to understand the origin of this statement. At first sight it might 
seem surprising that physics has anything to do with such an abstract branch of pure mathematics. 
But one should remember that historically some of the most interesting mathematical problems 
came from the real world, and primarily from physics. Recently, with the advent of string theory, 
the bridge of interactions between abstract mathematics and theoretical physics has entered an era 
of renaissance, with mirror symmetry the most prominent example of the interaction. 

From the point of view of strings in string theory the appearance of the derived category is 
quite intriguing, but recent developments showed that D-branes mandate a categorical approach. 
In particular, Douglas argued that B-type topological D-branes are objects in the bounded derived 
category of coherent sheaves [Djj. His work was subsequently axiomatized by Bridgeland [BrlJ, 
and has since been subject to active investigations. The A-type D-branes have a very different 
description, involving the derived Fukaya category. Mirror symmetry exchanges the A and B 
branes, and naturally leads to Kontsevich's homological mirror symmetry (HMS) conjecture. For 
a detailed exposition of these ideas we refer the reader to recent book |Clay| . 

To motivate our result we need to start with mirror symmetry in its pre-HMS phase. In this 
form mirror symmetry is an isomorphism between the (complexified) Kahler moduli space A4k(X) 
of a Calabi-Yau variety X and the moduli space of complex deformations M C (X) of its mirror 
X. For the precise definitions we refer to the book by Cox and Katz |CK| . We will follow their 
terminology in this introduction. 

We note at this point that the moduli spaces in question are only coarse moduli spaces; the fine 
moduli spaces are necessarily stacks. This fact complicates any existing intuitive mathematical 
understanding, but the conformal field theory (CFT) techniques that underlie the Cox and Katz 
exposition give us an alternative view, which we now elaborate on. 

Mirror symmetry also suggested a natural way to complexify the Kahler moduli space and how 
to compactify it. The complexified Kahler moduli space Mk{X) in general is an intricate object, 
but for X a hypersurface in a toric variety it has a rich combinatorial structure and is relatively 
well-understood. In particular, the fundamental group of A4k(X) in general is non-trivial, and 
one can talk about various monodromy representations. More concretely, there are two types of 
boundary divisors in A4k(X): "large radius divisor" and the "discriminant" (some authors refer 
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to both as discriminant, but for us the distinction is important). Both of these are reducible in 
general. At the large radius divisor certain cycles of A, viewed as a Kahler manifold, acquire infinite 
volume. The discriminant is somewhat harder to describe. The original definition is that the CFT 
associated to a string probing A becomes singular at such a point in moduli space. Generically 
this happens because some D-brane (or several of them, even infinitely many) becomes massless, 
and therefore the effective CFT description provided by the string fails. A consequence of this 
fact is that, by using the mirror map isomorphism of the moduli spaces, as one approaches the 
discriminant in Mk(X) one is moving in A4 C {X) to a point where the mirror X is developing a 
singularity. 

Armed with this picture of M.k{X), we can fix a basepoint O, and look at loops in A4k(X) 
based at O. The CFT description of string theory shows that traversing such a loop gives in general 
a non- trivial functor D b (A) -> D b (A), which moreover has to be an equivalence (string theory does 
not seem to able to distinguish between isomorphism and equivalence). Therefore we arrive at a 
group homomorphism, first suggested by Kontsevich [KoJ: 




At present writing very little is known about [i. Kontsevich's ideas were generalized by Horja [Hoi] 
and Morrison [M]. The question at hand is: given a pointed loop in Mk (A), what is the associated 
autoequivalence in D 6 (A)? Progress in this direction was made in |AHK] . where this question is 
answered for the EZ-degenerations introduced in [Ho2| . 

It is clear now that given a presentation of tt\{M.k{X)) where we know the images under fi of the 
generators, the relations in the presentation will determine interesting identities in Aut(D 6 (A)). 
We now turn to an example of this sort. Let A be a smooth degree w = Yl?=o w i variety in P n (w), 
in other words let A be such that it does not meet the singularities of P n (w). In this case the 
compactification of M.k{X) is isomorphic to P 1 , and we have three distinguished points Plc, Po 
and Pp. It is easier to describe them in terms of M C (X): Plc is a large complex structure limit 
point (with maximally unipotent monodromy), at Pq the family A has rational double points, while 
at Pp it has additional automorphisms. If A has a Fermat form, i.e., Wj divides w, then we are 
talking about an additional cyclic symmetry Z w . 

Let Mp denote the monodromy associated to a loop around the point P. Since Plc an d Po are 
the only limit points of Mk(X), and the compactification of this is isomorphic to P 1 (see |CKJ ) , 
with vr^P 1 - {2 points}) = Z, one would want to conclude, incorrectly, that Mp LC and Mp are 
related. On other hand, the extra automorphisms indicates that Pp is a stacky point in the moduli 
space, with finite stabilizer, and so, at best, the w-th power of Mp F = Mp LC oMp is the identity. 
In the case of P n (w) = P 4 Kontsevich proposed that Mp = K from ([2]), Mp LC = L, and checked 
that indeed Mp p = id in K-theory. Later on Aspinwall realized that in fact Mp F = (— )[2]. Based 
on physical considerations it was clear to us that the Kontsevich- Aspinwall result should hold in 
the weighted case as well, which eventually led us to Theorem ll.il Cases where A4k(X) is higher 
dimensional were investigated in [Kll[K2]. 

Our proof is inspired by [53 Sec. 7.1.4], where the case P n (w) = P 4 is outlined. Actually with 
the same technique a more general result was independently obtained by Kuznetsov in [Ku| §4], 
where smooth Fano (but the argument applies to the Calabi-Yau case as well) hypersurfaces in P n 
were considered (in Remark 14.71 we explain how Kuznetsov's result extends to the weighted case, 
as suggested to us by the author after the first version of this paper was made public). However, 
the proof of Theorem 11.11 is much harder, and a different approach is needed overall. Still, the 
idea to trade the composition of the functors for the composition of their kernels, and then use a 
resolution of the diagonal of the (weighted in our case) projective space proved very useful to us. 




^(M K {X)) ^Aut(D 6 (A)). 
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In fact a good part of the paper is devoted to the construction of a resolution of the diagonal for 
P n (w), which is similar but still very different from the well known Beilinson resolution of ¥ n . 

Acknowledgments. It is a pleasure to thank Tom Bridgeland, Mike Douglas, Sheldon Katz, 
Alastair King, Alexander Kuznetsov, David Morrison, Tony Pantev, Ronen Plesser and especially 
Paul Aspinwall for useful conversations. We would also like to thank the 2005 Summer Institute 
in Algebraic Geometry at the University of Washington, for providing a stimulating environment 
where this work was initiated. 

Notation. A complex A of some abelian category 21 is given by a collection of objects A 1 of 21, 
together with morphisms d A : A 1 — > A t+1 such that d 1 ^ 1 od l A = for every i £ Z. When A is just 
an object of 21, it is viewed as a bounded complex with A = A and A 1 = for i ^ 0. A morphism 
of complexes /: A — > B is given by a collection of maps f l : A 1 — > B l such that d l B of l = f t+1 od A . 
For the shifted complex A[k] is defined by A[kf := A i+k and d A ^ := (-l) k d l A k ; similarly, 

f[k] is defined by /[kf := f i+k . 

The dual of a locally free sheaf C (or more generally of a complex of locally free sheaves) will be 
denoted by C 1 '; the same notation will be used for the dual of a vector space. 
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2. Preliminaries on Fourier-Mukai functors 

In order to fix notations and conventions that will be used throughout the paper, we start 
recalling some definitions and basic facts about triangulated categories, derived categories and 
derived functors. For a thorough treatment of the subject we refer to [HJ or [HuJ. 

If / : A — > B is a morphism in a triangulated category, then a cone of / is an object C(/) (defined 
up to isomorphism), which fits into a distinguished triangle 

A^B -C(/) *A[1]. 

For an abelian category 21, C b (2l) denotes the abelian category of bounded complexes of 21 (its 
objects are complexes A such that A 1 = for \i\ S> 0). The mapping cone of a morphism / : A — > B 
of C 6 (2l) is the complex MC(/) defined by 



(4) MC(/y :=A i+1 ®B\ d{ 



MC(/) — I fi+1 d 



K b (2t) (respectively D fe (2l)) will be the bounded homotopy (respectively derived) category of 21. 
We recall that K fe (2l) and D ,, (2l) are triangulated categories and have the same objects as C 6 (2l). 
For a morphism / in C b (2l), / will also denote its image in K b (2t), or in D b (2l). In both cate gories 
C(/) = MC(/), but MC(/) will be used only when the specific form of the resulting complex is 
needed. 



DERIVED CATEGORY AUTOEQUIVALENCES AND BEILINSON 



5 



If 23 is another abelian category, a left exact functor F: 21 — > 23 trivially extends to an exact 
functor again denoted by F: K b (2l) — > K 6 (23). When it exists, its right derived functor will be 
denoted by KF : D b (2l) -> D 6 (23); we set R*F := FoRF for ieZ. If A is an object of D b (2t) such 
that each A i is F-acyclic (i.e., EPF (A*) = for j > 0), then RF(A) =S in D 6 (Q3). Similar 

considerations hold if F is right exact, in which case its left derived functor will be denoted by Li* 1 . 

For simplicity in the following we will call stack a Deligne-Mumford stack which is proper and 
smooth over the base field k, and such that every coherent sheaf is a quotient of a locally free sheaf 
of finite rank. In fact all stacks we will consider in the rest of the paper will be stacks associated 
to normal projective varieties with only quotient singularities (namely, weighted projective spaces, 
quasi-smooth hypersurfaces in them and products of such varieties), and those satisfy our condition 
thanks to \K&\ Theorem 4.2]. When the proofs remain essentially the same, we will use results stated 
in the literature only for schemes for stacks as well, but most of the time we point this out. 

If Y is a stack, (tot)(Y) will denote the abelian category of coherent sheaves on Y, and we set for 
brevity C b {Y) := C b (£ot)(Y)), K b (Y) := K b (£ot){Y)) and B b {Y) := D b (£oh(Y)). If /: Y -► Z is 
a morphism of stacks, there are derived functors R/* : D b (Y) — > D b (Z) and L/* : D b (Z) — > D b (Y). 
Notice that R/* = /* if / is finite and L/* = /* if / is flat. When Z is a point /* can be identified 
with T(Y, —), and K l T(Y, — ) will be denoted by H l (Y, — ). Our definition of stack also implies that 

there is a left derived functor for the tensor product, denoted by — <8> — : D b (Y) xD b (Y) — > D b (Y). 

L 

Clearly T % Q = T <g) Q if , either, each F\ or each Q l , is locally free. 

Given £ € D b (Y x Z), and denoting by p: Y x Z — > Y and g: FxZ — ► Z the projections, the 
exact functor $ £ = $f^ y : D 6 (Z) -> D 6 (Y) defined by 

:= Rp*(£ 

for € D b (Z), is called a Fourier-Mukai functor with kernel £. 
Lemma 2.1. If £ £ B b (YxZ) is such that $ £ = 0, i/ien £ = 0. 

Proof. Assume on the contrary that £ % 0, and let m be the least integer such that H m (£) ^ 0. 
Setting T := H m (£) £ £ot)(YxZ), we claim that it is enough to prove that 

(5) p*(F®q*£) / for some C G £of)(Z) locally free. 

Indeed, assuming this, the definition of J- implies that there is a distinguished triangle in T) b (YxZ) 

£'[-!] >F[-m] ^£ 

with H l (£') = for i < m, from which it is easy to deduce that ffp^(£' / ® q*C) = for i < m. 
Then, applying the exact functor Rp*(— (g) g*£) to the above triangle, and taking the associated 
cohomology sequence, we obtain 

+ p,(T ® g*£) ^ E m p*(^[-m] ® g*£) #>*(£ ® g*£) H m ($ £ (£)), 

which contradicts the hypothesis = 0. 

In order to prove (0) it is obviously enough to find a locally free sheaf £ such that f*p*(J r ®q* £) ^ 
0, where /: V — > Y is an etale and surjective morphism and V an affine scheme. Applying the 
"flat base change" theorem (for stacks this is \LM.\ Prop. 13.1.9]) to the Cartesian square 

VxZ ^YxZ 



p p 
V ^Y 
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and setting T := J* T G £ot)(V x Z), we see that f*p*(F ® q*C) = p„(T <g> q*C), where q = 
qo f : V xZ — > Z is the projection. Hence it is enough to show that 

+ Rom v (O v ,%(F®q*£)) = Hom VxZ (0 VxZ ,F <g> q*£) = Rom VxZ (q*C\T) Rom z (C v ,q,T). 

Taking into account that q^J 7 = q^f T ^ (because q is affine and / is etale and surjective) and 
the fact that the quasi-coherent sheaf q^T is the inductive limit of its coherent subsheaves (by [LM, 
Prop. 15.4]), the existence of £ £ <£ob(-Z) locally free such that Hom^(£ v , q^T) / follows from 
the fact that every coherent sheaf on Z is a quotient of a locally free sheaf. □ 

Now we specialize to the case Y = Z, although much of what we are going to say can be extended 
to the general case, with obvious modifications. 

Given J 7 , Q G K b (Y), their exterior tensor product is defined as 

T H g := irZF ® k\Q G K b (YxY), 

L 

where 7Tj is the natural projection to the ith factor of Y x Y. The symbol M will be used for the 

L 

derived functor of exterior tensor product (again, J 7 M Q = J 7 M Q \f either each T % or each Q % is 
locally free). 

Given S G B b (YxY), we define two Fourier-Mukai functors ¥ e : D b (Y) -> B b (Y): 

& e (F) := Rtt 3 ^(S I tt*F), for i = l,2. 

The composition of Fourier-Mukai functors is again a Fourier-Mukai functor (see [Hut Prop. 
5.10]). In particular, 

*ke = *f ° $h 

where * is the composition of kernels, and for £, T G D b (YxY) it is defined by 

T*E = Rvri^^^^l^^) G B b (YxY). 
7Tjj is projection to the ith times jth factor in the product Y xY xY . 

Lemma 2.2. Given T,£i,Ti G T) b (Y), for i = 1,2, and W G D b (YxY), we have the following 
isomorphisms: 

(1) & L (F) f 3 _i ® k RT(y, £ I /or i = 1, 2; 
^ (^ 2 I ^i) * W = ^ 2 I ^vCFx); 

fsj w* (^ 2 S ^i) = ^iv(^) S 

#J CF 2 S ^i) * (£2 i £1) = t 2 I £1 ® k RT(y, s 2 1 ^1). 

Proof. (1) By definition we have 



<I> J L (^) * Rvrs-i, ( Tr^fa-i ® ® ^) 



and using the projection formula 



L L \ L L 

R^-i* ^3-^3-1 ® 7T*(£i ® - ® R7T 3 _^7r* (£j <g> J 7 ). 
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Finally, R,7r3_j^7T*(£j <S> F)) = Qy ®\ RT(7, £j (g> by the "flat base change" theorem applied to 
the Cartesian square 

(6) 




(2) By definition 

{T 2 B Fi) * W = Rtt^ (^2,3(^^2 I ttJ.Fi) I tt^w) . 
Since ^20^2,3 = ^071^3 and vrio7r 2i 3 = 7T2 07112, the last expression can be rewritten as 



Using the projection formula and the "flat base change" theorem for the Cartesian square 

Tl,2 



(7) 



YxYxY 

■""1,3 

7x7 



7x7 

7 



we arrive at 

7r*F 2 I IWs^iV^i ® W) = tt^2 I ^Rvri^vr*^! 0)^=^8 $w(Fi). 
This proves (2). 

The proof of (3) is completely similar to the proof of (2), while (4) follows immediately from the 
first two statements. □ 

Let (5:7^ 7x7 be the diagonal morphism. We will write Oa y ( or simply Oa) for 5*Oy. It 
is well known that &q a — id.T> b (Y) f° r * = 1; 2, and more generally, if C is a line bundle on 7, $| ji £ 
is isomorphic to the autoequivalence of D 6 (7) defined by F i— > J 7 (8) £ (see, e.g., |Hu} Ex. 5.4]). 

3. The resolution of the diagonal for weighted projective spaces 

Let P := P n (w) be a weighted projective space (regarded as a stack with weight vector w = 
(wo, wi, . . . , w n ), and Wj > for all i = 0, . . . , n. We introduce some notations that will be used 
throughout the paper. For a subset I C {0, 1, . . . ,n} the symbol \I\ denotes the cardinality of I. 
Similarly we introduce the following sums of weights 

n 

W/ = ^Wj; w = w { o,i,. ..,„} = ^Wj . 
i&I i=0 

Let P — k[xo, x\i ■ ■ ■ i x n ] be the graded polynomial ring where the generators have deg(xj) — Wj. 
First recall the Koszul complex /C on P = P n (w) associated to the regular sequence (xq, xi,..., x n ), 
whose jth term is given by 

& = O(-wj) , 

\I\=-3 



^We will often refer to [C], where weighted projective spaces are regarded as graded schemes. The equivalence 
with the point of view of stacks is explained in [Cl §1.6] 
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where for a given i G Z we abbreviated Op(i) by 0(i). The summation is over all subsets of 
{0, 1, . . . , n} of cardinality —j. Obviously, K? is non-zero only for —n — 1 < j ' < 0. The components 
of the jth. differential of /C 



# = O(-wj) /G+ 1 = ©„,,=_,._! O(-wp) 

are given by 

d iV = U-l)^Xi€P Wi if/ = /'U« 
*v/' (0 otherwise 

where the integer Nj is defined as the cardinality 

N}=\{j£l:j<i}\. 

The notation P a , for a G Z, refers to the degree a subspace of P = k[xo,x\, . . . ,x n ]; P a will be 
viewed as a k- vector space. Since we chose the weights of the Xj's to be positive, P a is the zero 
vector space whenever a < 0. 

Following [C, Definition 2.5.2] for — w < I < we introduce the subcomplex Aii of the twisted 
Koszul complex /C(— I): 

M\= O(-I-wj) C O(-Z-wj) =JC j (-l). 
\I\=-j,wi<-l \J\=-j 

Note that Mo is the complex O concentrated in degree 0. 

The M^s have a natural interpretation: the left dual of the full and strong exceptional sequence 
(0, 0(1), . . . , 0(w- 1)) in D fe (P) is the full exceptional sequence (Mi_ w [l-w], . . . , M-i[-l], M ) 
[CI Proposition 2.5.11]. We will use the complexes Mi to give a generalization of Beilinson resolution 
of the diagonal for the stack P. 

For every — w < k < we define the complex TZ^ G C b (PxP) inductively. The starting point is 

TZ := O P MM = 0p x p- 

For — w < k < we set 

(8) K k := MC(a fc : O(k) ® M k [-1] — » W fc+ i) , 

where is a natural map that will be defined below. Observe that TZ k is defined in terms of 
IZk+i since k is increasingly more negative. This convention ties well with the fact that all of our 
complexes will be non-trivial only in negative degree. 

Given the definition of the mapping cone in for a fixed k, the components of the complex 
IZh are immediate: for j G Z they are 

(9) ^=®Op^'= 0(Z,-Z-w x ). 

k<l<0 k<l<0 

Here we use the shorthand notation 

0(i,j) = Ppxp(«, j) == Pp(i) K P (j), for 
As a result, the jth component of a k in (|8|) has to be a map between 

(10) a{: 0(k, -k - wj) — » 0(Z,-Z-wj). 

|/|=l-i,wi<-A fc<i<0 

|/|=-i,w/<-i 
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Now each component of oP 



(ojQ G Homp x p(C(A;, —k - wj),£>(Z, -I - w//)) = P;_ fc 8tPn + „ rWl , 
for A; < I < 0, III = 1 — j, |/'| = —j, wj < —k and wj> < —I, is denned to be 



(11) (a 



1 ■= l-i-V^Xi® 1 SPw^kPo if l = k + w h I = I'U{i) 
1,1' I otherwise. 



Note that the map Xi ® 1 imposes the conditions I = k + Wj and —A; — wj = —I — wp, which lead 
to w/ = wj/ + Wj, and is automatically satisfied by the condition I = I' U {«'}. 

For the inductive definition in ([8]) to make sense we need to make sure that for any — w < k < 

(i.) TZt+i is a complex, 
(ii.) Qfc is a morphism of complexes. 

We can prove these simultaneously by induction: TZq = Op M A4q is clearly a complex; by assuming 
that TZk+i is a complex and that is a map of complexes, the mapping cone construction in (JSj) 
guarantees that IZ^ is a complex, i.e., is a differential. Therefore, the key point is to prove 
(ii.), and then (i.) follows automatically. 

In the light of ([9]) and (jlip and the definition (|8j), it is immediate to write down explicitly 
the candidate differentials of TZ^ (so far these are only maps, since we have not yet proven that 
= 0). Each component 

. \ i,i 

d n k ) v r G Hom PxP (C(/, -I - w/ ), e>(Z', - w r )) P//_ ; ® k P,_,, +W ,_ W// 
of rft 7l{ —> 7£{ + , for k < 1,1' < 0, \I\ = —j, = —j — 1, wj < — Z and w// < — Z', is given by 



(-1)^ 1 ® G P ® k P Wl if I' = 1,1 = I 1 U {i} 
-(-1)^1 ^ ® 1 G P Wi ® k P if I' = I + w i} I = I' U {i} 
otherwise. 



This is straightforward to check using the definition of mapping cone and assuming inductively 
that it holds for k + 1. Thus everything will be well-defined once we prove the following: 

Lemma 3.1. : 0(k) M A4k[— 1] — ► TZ-k+i a s defined above is a map of complexes. 

Proof. By the inductive hypothesis discussed above, we can assume that TZ^+i is a complex, and 
that dji k+1 is given by (fT2|) . Glancing at the definition ([8]), we need to show that 

Using the fact that d^,^^^,^ = — i&o{k) M d^ 1 , this is equivalent to the following square being 
commutative 

(13) 0{k) m M 3 ' 1 =— *• 0{k) M m{ 
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Let us restrict to one of the direct summands of 0{k) M ■M 3 k ~ , say 0(k, —k — wj). The square (fT3l) 
involves two mappings: the "horizontal then vertical" map is 

./ 

Q(k, -k - wj) — ©M'e/ °( k + Wi>,Wi-k- wj) 

where I{ = I — {i}; while the "vertical then horizontal" map is 

0(A; + Wj + Wj', —k — w/j 

Let us focus on the second map. Writing © ig/ i/eI . artificially singled out one element of the set 
{i,i'}, since the summation is over pairs i ^ i' . Changing variables i i' and observing that 

{-lf} +N i = _(_i)< +Ar V 

we see immediately that the second component, (— XiXy ® 1), is in fact the zero map; whereas after 
the exchange i ±=? i' the first component is identical to the "horizontal then vertical" map. This 
proves that the square indeed commutes. □ 

The main benefit of these definitions is the following generalization to weighted projective spaces 
of Beilinson's resolution of the diagonal for P n : 

Proposition 3.2. There is a natural morphism of complexes v; 1Z\_ W — * Oa, which descends to 
an isomorphism in D fc (PxP). 

Proof. Let us set for brevity 1Z := 7^i_ w . In order to construct the natural morphism of complexes 
v.lZ^t Oa, start with the adjunction 5* H 5* and observe that 

Hom PxP (0(Z,-Z),0 A = 5*Op) = Hom P (<J*0(i,-Q,Op) = Hom P (0 P ,0 P ) 

for any integer I. Let // : 0(1, —I) — > Oa be the morphism corresponding to the identity under this 
isomorphism. Equivalently, // is induced by "multiplication" . This follows from the fact that 

0(1, -I) = 7rfO(7) ® TrjO(-i) tt* 2 0(1) ® irlO(l) y 

and we can use the natural pairing between 0(1) and 0(l) v to map 0(1, —I) into Oa- 

Since 1Z° = ©_ w< /< 0(1, — I), we define u° := (&_ w< i <0 ff, wnue °f course for i ^ we let 
v l = 0. To check that v.1Z^> Oa is a morphism of complexes, we only need to show that 
u°od^ = 0. The relevant diagram is 



Q(z,-Z- Wi ) g : 0(1,-1) 



ft 

-w<K0,w;<-/ -w<Z<0 



Oa -O a . 

Pick a component in Tv!. -1 , say 0(7, — I— Wj). There are two non-trivial components of d^ 1 emanating 
from it: {d^'f^ and (c^ 1 )^^ ; and it is clear from (fT2j) that 



/i ° )i,$ + /*+w» ° );+ Wi ,0 - °- 
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This proves that v : TZ —* a is indeed a morphism of complexes. 

To show that v is an isomorphism in D b (PxP) it suffices to prove that <1?^ — > is an 
isomorphism of functors. Indeed, assuming that is an isomorphism, we immediately deduce the 
isomorphism of functors ~ ^' w hi c ^ implies that C{u) = (hence v is an isomorphism) in 

D 6 (PxP) by Lemma EU 

Now recall that (0(1 — w), . . . , 0(— 1), 0) is a full and strong exceptional sequence ([Cj Remark 
2.2.6], [AKOl Theorem 2.12]), and hence, in particular, it generates D b (P) as triangulated category. 
Therefore, in order to prove that <J>J, is an isomorphism it is enough to show that 

is an isomorphism for — w < k < 0. 

It is immediate that ^^ A (0(k)) = O(k). Next we compute Q^(0(k)) in two different ways: 
first using the recursion ([8]), and then using ([9]). For the first computation notice that by part (1) 
of Lemma 12.21 

^ 1 o(i)m Ml (°( k )) = ^ Rr ( p > Mi ® 0(k)). 

On the other hand, for — w < k,l < 0, dimH l (P,A4i(k)) = 5kj5ifi, as shown in the proof of [Cl 
Theorem 2.5.8]; therefore 

It is also immediate that 

Using these two facts and the defining equation ([HJ) , it is easy to deduce that 

(14) *k(0{k)) - O(k). 

At this point it is clear that $>~,(0(k)) can be identified with a map O(k) — > O(k), but it is not 
evident which map it is. To settle this question we can also compute <&^(0(k)) directly from 
and (fT2j) . Observe that by the projection formula 

Rn 2 Mhj) = Rvr 2 ,(vr^(i) ® 7rJ0(j)) O(i) 55 R7r 2 *7r?0(j). 
On the other hand, for any j > — w, from ([6]) we know that R7T2*7r*C?(j) = (g>ik Pj ; and as a result 

(15) R7r 2 *0(i,i) ^ ir 2 Mhj) = 0(i) ® k Pj. 

Therefore, for any — w < k < 0, every term of 72. (g) 7T20(/c) is ttj ^-acyclic, and we have a natural 
isomorphism ^(0(k)) = n u (K <g> 7r|C(A;)) = C fc , where 

4 = o(o ® k Pk-i-wj 

-w<K0,|/|=-j,w 7 <-i 

and is induced by d^, and in fact is given by exactly the same formal expression as (|12p . 

although the two act on different complexes. Also note that most terms in are zero, except for 
those that satisfy the condition k — I — wj > 0. 

In this presentation <J>*(0(A;)) can be identified with the natural morphism : Ck — > 0(k), where 
the only non-zero component of Vk is 

u° k ; 0(Q® k P fc _,— ►O(fc), 

-w<Z<0 
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and this is such that each ^Jfc|o(Q® k p fc _j is given by the multiplication map. This follows readily 
from the definition of v. 1Z — > 0/\ and the isomorphisms that led to Q^(0(k)) = C k . 
Clearly z/£ is surjective, hence 

H\u k ) : H°(C k ) = C° k /imd^ — O(fc) 

is also surjective. We have already seen in (fT4l) that H°(C k ) — 0(k) and H % (Ck) = for i 7^ 0, and 
thus H°(u k ) is an isomorphism; and consequently v k is a quasi- isomorphism □ 

Remark 3.3. If wq = • • • = w n = 1, i.e., P is the ordinary projective space P", then the complex 
1Z = 1Z~ n defined in ([8]) does not coincide with the well-known resolution of the diagonal first 
considered by Beilinson [B] (for weighted projective planes, i.e., n = 2, the resolution coincides with 
the one considered in the context of quivers by King [Ki]). Beilinson's resolution B £ C 6 (P n xP n ) 
is defined by B 3 := O(j) M j) (again, B 3 7^ only for — n < j < 0) with differential given (for 

—n < j < 0) by the natural morphism 

4 e Hom P n xP „(C(j) H JT J '(-i), 0(j + 1) ^ " 1)) 

Hom P n(0(j),0(i + 1)) k Hom P n(^^(-i),fi-J- 1 (-j - 1)) 9* P x ® k P\ * Rom^Px) 

corresponding to id. Observe that if we define complexes B k by 




with d J Bk := dig for j > k (hence B = B- n ), then Bo = 0pn><p™ = IZo, while for — n < k < 

B k = udo{k) M fl- k {-k)[-k - 1] — ► B k+l 



(where the morphism is induced by d%), in analogy with (JSj) . Actually, using the fact that A4 k = 
Q~ k (— k)[— k] in D fc (P n ) (see [Cj Remark 2.5.9]), it can be easily proved by descending induction 
on k that B k = K k in D fe (P n xP n ) (but not in K 6 (P n xP n )). Clearly the complex B is simpler than 
1Z, but it does not seem possible to extend it to the weighted case, the problem coming from the 
fact that the complexes A4 k are not quasi-isomorphic to shifts of ordinary sheaves in general. 

4. Proof of the theorem 

We start out by expressing the functors K and L appearing in Theorem 11.11 and defined in 
([!]) and ([2]), as Fourier-Mukai functors. Lemma 3.2 of [STJ shows that the kernel of K is K, := 

C( OxxX $*Ox ) , where 5$ is the natural map associated to 5: X XxX (clearly K, = 2a[1]j 



where I a is the ideal sheaf of the diagonal in XxX, but this observation is of no use in our context). 
Similarly, the kernel of L is £ := 5*O x {l). Therefore G = L oK = Using (3) of Lemma 12.21 

it is easy to show that 

£* K = 6*Ox(l)* c(o XxX ^5*O x ^j ^ c(o XxX (l, 0) 6*O x (l) 

where g: O XxX (l,0) — > 5*O x (l) is the natural morphism. Using this fact, Theorem 11.11 is a 
consequence of the following proposition: 



2 In fact Vk is an isomorphism in K 6 (P), with inverse given by the natural morphism O(k) <— » Cjjj, but this statement 
is of marginal interest to us. 
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Proposition 4.1. Let X be a smooth anti- canonical stacky hypersurface in P. For the natural 
morphism g: O XxX (l,0) — > <5*0x(l) let Q denote its mapping cone; i.e, Q := MC(g). Then 
(£)* w Ax [2] inD b (XxX). 

The rest of the section is dedicated to the proof of the proposition. 

Let t: X P denote the inclusion. For a complex £ G K b (P) we will write £ for the restriction 
l*£ € K b (X) and similarly for morphisms in K b (P). The same notation will be used for the inclusion 
lxl: XxX <^-> PxP, but it will be clear from the context which one is meant. Note that if each £ 3 
is locally free, then £ ^ Ll*£ in D b (X). 

For < m < w we define the complex 

(16) g m :=uc(n^ m ^5,o x ) 

where each component of the morphism 

(17) &:£?_m= XxX {l-l) ^ 8*O x 

-m<l<0 

is the natural map induced by multiplication (the argument in the proof of Prop. E2] showing that 
v is a morphism of complexes also shows that C, m is a morphism of complexes) . 
We claim that it suffices to prove that 

Claim 4.2. (£)* m 9* <? m (m,0) /or all < m < w. 

Indeed, assuming this, and taking into account that (5*Ox)(m, 0) = 5»0x(wi), the proposition 
follows from the following: 

Lemma 4.3. Q w ^ 5*O x {-w)[2] in D b (XxX). 

Proof. Since i x i is a closed immersion, it is sufficient to prove that 

(18) (txt)*5 w = {iXi)J,O x (-w)[2} 

in D fc (PxP). By the projection formula and using the fact that Sol = (lxl)o5 (the first 5 is the 
diagonal of P, while the second is the diagonal of X), 

(txt)*g w = c((txt)*7£i_ w — ► (ix^JxOjA = C(^i_ w <g> (txt),0 XxX — ► £*t*£>x) • 

It is useful to replace {tXi)*0 XxX with a locally free resolution. To this purpose, let us start with 
the short exact sequence defining X 

(19) *O w (-w)^+O w -^(,*O x ►O. 

Since we want a resolution for (lx l)*OxxX we consider the complex S: 

/-1(g) s\ 

v s®lJ Cpxp(-w,0) ( ag)1 1(g)s ) 

5 : — > 0p x p(— w, — w) ► © > OpxP — ► 

Cpxp(0, -w) 

where Op x p is sitting in degree 0. 

As XxX is a codimension two complete intersection in PxP, defined precisely by s <g> 1 and 1 (g> s, 
it is clear that the canonical map (ix*,)": 5° = Op x p — ► {tXL)*0 X xX induces a quasi-isomorphism 
between S and (ixi)»0x x x- Thus 

(i x 0*£ w = C(/ : fti_ w ® 5 — ► 8*uO x ) . 
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In the light of JUJ each component of f°: (7£i_ w <g) 5)° = ©_ w</<0 0pxp(J, ~0 -> 5*t*0x is the 
natural one (corresponding to t" under adjunction). 

Observing that 5*5 can be identified with the complex 

s) °p(" w ) fa s) 

o -» o P (-2w) - — U © -i — U o P -» o 

P (-w) 

and denoting by /i: 5*5 — > i*Ox the natural morphism defined by h° = t": (5*5)° = Op — > i*Ox, 
it is also straightforward to check that the diagram 

/ 



(5*O p ) (8) 5 1 — > 5,5*5 

commutes (i/: 7^i_ w — > Oa is the morphism from Prop. I3.2|) . Using this and Prop. 13.21 we have 
that 

(tx0*0w = C(/) C((5*/i)oroo(zy ® id)) C(5*/i) = 5*C(/t) . 
On the other hand 5*5 is isomorphic in C b (P) to the complex 

(j Op(-w) ( s 0) 

5*5 : -» O p (-2w) — -U © - U O p -► 0, 

Op(-w) 



which clearly splits as MC(^O p (-w) -=-» O p ) MC( O p (-2w) O p (-w) ) [1]. Since we defined 
/i° to be : Op —s- t t Ojf we have that 

C(/i) ^ fop(-w) ^ Op ^ t*O x ) © MC(O p (-2w) -A Op(-w)) [2]. 



Taking into account (US]) it is clear that C(h) = t,Ox(-w)[2] in D b (P). Therefore 

(tXi)*g w 5*C(/i) 5*i*O x (-w)[2] 0xi)*5*O x (-w)[2], 
which proves (|18|) , and concludes the proof of the lemma. □ 

Returning to the proof of the proposition, we will prove Claim R~2l by induction on m. For m = 1 
the isomorphism Q = £/i(l,0) immediately follows from the definitions of Q and Q\. Therefore we 
assume Claim I3~2l to hold for some < m < w, and prove it for m + 1. 

Noticing that Q = 5*Ox(l) * £7i, what we need to show is equivalent to 

(20) 0i* g m (m,o) ^g m+1 (m,0). 

In order to prove this, we start with the following lemma: 

Lemma 4.4. For any £ 6 D^Ixl) we have a natural isomorphism 

G 1 *£^ C(O x H R7T U f — ► £) = C(^R^ U 5 — » 5) , 
where the morphism in the right hand side is the natural one (corresponding, under adjunction, to 
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Proof. If / : Y — » Z is a morphism of stacks, /3j : L/* o R/* — > id D b(y) and 7/ : id D f>(z) — > R/* o L/* 
will denote the adjunction morphisms; then we need to prove that Q\* £ = C(/3 7ri (£))■ Since (— )* £ 
is an exact functor we have Q x * £ ^ C((5 S * idg : O^xX * £ -» 5*C>x * f) • Applying the "flat base 
change" theorem to the Cartesian square 



XxX 



X 



XxXxX 

T2,3 



and using the projection formula, we find a natural isomorphism 

On the other hand, OxxX * £ = R^i^Tr* 2 £, and it is clear that, with these identifications, the 
morphism 5^ * id^ corresponds to 

Now, R7Ti j 3 ;(! (5 ;(! L(5*7r 1 2 ^ = £ (because vri^oJ = wi^oS = idxxx), whereas R^i^Tr* 2 £ = vr^RTri^f 
(by the "flat base change" theorem for the Cartesian square (|7|), with X in place of Y). To be more 
precise, the latter isomorphism can be expressed as the composition 

7rJR7ri*7 wl 2 {£) ^ p vi (R7ri,3 <I 7rj < 2 £) 

^Rvri^ : > TriRvri^Rvri^^vr^^ — -> ^Rtti^Rtti^^^^S : — > R^i^TT^f, 

where the middle map is the natural isomorphism (due to the fact that 7rio7ri2 = 71107113). Thus 
we can conclude that Q\ * £ = C^Rtti^^^* 2 £)) = C(/3 7ri (£)), provided we show that in the 
diagram (where the unnamed arrows denote the natural isomorphisms) 



7r*R7ri*7 wl 2 (£) 

7r*R7ru£ : ^ 7r5 < R7ri^R7ri > 2^vrj|' i2 £' 



7rjR7ri»R7ri i 3 t 7 ( 5(7r* !2 £}_ 

irlHiTuIlTr li3 J*L5*nl j2 £ 

Pt 1 {Rmx^^SithS*^* 2 £j~ 



vr^Rvri^RTri^^Tr^^ 

(3 7Tl (RTT lt3t iT* 2 £) 

R7r l,3*<,2^ 

R7r i,3,7a(i"J',2 £ ) 
Htti i3 J*L5*ttI 2 £ 



£^ 

the outer square commutes. This follows from the fact that the three inner triangles commute, as 
it can be easily checked using well known compatibilities between adjunction morphisms. □ 

In order to apply the lemma for £ = Q m {m, 0) we need to compute YiTTi^Q m {m, 0). From the 
definition (fTBT) Q® n (m, 0) = 5*Ox{rn), whereas for j ^ 

(21) 6^(m,0)= XxX (l + m,-l-wj). 

-m<l<Q,\I\=-j-l,wi<-l 

To evaluate R7Q*£/ m (m, 0) we use the following lemma, whose proof is straightforward: 

Lemma 4.5. With X as above, and for two integers p and p' , with < p < w, we have the 
isomorphism 

(Pp^Oxip 1 ) ifk = 

10 ifkytO. 



R k 7r u O XxX (p,p') * H k (X, Oxip)) ®k Oxip' 
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Going back to (|2ip . we see that < Z + m < m. The inductive hypothesis also assumed that 
< m < w, thus < Z + m < w and the lemma applies. Noting that 

R,7ri*C(m,0) R<ir u fi*O x (m) ^ 7r u S*O x (m) O x (m), 

and applying Lemma [4.51 we see that every term of Qm 

(m,0) is ^-acyclic, hence R,7ri*(5 m (m, 0) = 
^i*Gm(nT', 0). Inspecting the complex 7ri*f7 m (m, 0) one observes that 

(22) R7ru0 m (m, 0) * 7ri^ m (m, 0) T m , 
where for < m < w we defined 

(23) J m :=MCfvr u ^i_ m (m,0)^O P (m)V 



with each component of the morphism 

p° m : 7ruft?_ m (m, 0) P z+m ® k Op(-i) — » Op(m) 



-m</<0 

given as usual by the multiplication map. 

Combining Lemma 14.41 and (122f) we obtain that 

(24) 0) = MC(rj m : Ox^Fm^ Qm(m,0)j , 

where nj^: Oxxx(0, th) — > <5*0x(ni) is the natural map, and for j < 

Pi+m®kOxxx(0,-i-wj) — ► Oxxx(* + m,-J-wj) 

-m</<0 — TO<K0 

[J[=-j-l,wr<-J |/|=-i-l,w/<-« 

is induced by the multiplication maps Pi+ m <8>k Ox - ¥ Ox (I + ti)- 

It is easy to check that there is a natural morphism of complexes e m : M.- m — > Fmi where 
= ido( m ) and for j < each component of e 3 m 

(4n)ij' G Hom P (0(m - w/),Pj +m ® k 0(-Z - wj/)) = P; +m <g> k P-m-i+wj-wj/ 
(for — m < Z < 0, |/| = — j, \I'\ = —j — 1, wj < m and w// < — Z) is given by 

^ , j J . = i-(-l) N ixi®l 6P Wj ®|P if Z + m = Wi , I = I' U {»} 

m ' l J' jo otherwise. 

Lemma 4.6. e m : M.- m — > -T 7 ™ is an isomorphism in D fe (P) /or any < m < w. 
We will prove the lemma shortly, but first we look at its implications. Setting 

—m * Qm (m,0), 

Lemma 14.61 and (|24p imply that 

gi*g m (m,0) MC(r? m ) E* MC(r? m ) € D 6 (XxX). 

The components of fj m can be calculated by composing r] m and ido x Me m . After an explicit 
calculation it turns out that ff^: Oxxx(0,m) — > <5*(9x;(m) is the natural map; while for j < 

ff m : (Ox B Al_ m y> ^OiS Ali m — » (0 m (m, 0))^ s ££^(ro, 0) 

can be identified with 5i^(m, 0). From the defining equation (fT6|) of £/ m we see that 

MCfe) - g° m (m,0) - i,O x (m) = ^ +1 (m,0), 
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while for j < 0, recalling ([8]), 

MC(fj m ) j = Gl(m,Q)@{O x ^M- m y +1 = TZitlim^QOxMM^ * ^(m,0) = G 3 m+1 (m,0). 

Using the explicit form of fj m it is also immediate to check that the differential of MC(r) m ) can be 
identified with that of Q m+ i(m,0). Hence MC(rj m ) = Q m+ i(m,0) in C b (XxX), thereby proving 
(I20h . and finishing the proof of the proposition. 



Proof of Lemma \4-6[ We will show that C(e m ) = 0, which immediately implies that e m is an iso- 
morphism in D 6 (P). From the defining equation (|23p we have a distinguished triangle 

0)-^O(m) -^ mj 

where p is the natural projection. Using the octahedral axiom (TR4) of triangulated categories we 
have 



C(e m ) = Q[M- m ^ MC(7r u 7ii_ TO (m,0) ^ 0(m) 

^ cfcf^- m [-l] poe " lhll ) 7r u 7ei- m (m,0) > ) — ►0(m) 



O(fc) H M k [-l]-^n k+1 >-K k *0{k) B A4 fc 



Now, by ([8]), for any — w < k < there is a distinguished triangle 

in K b (PxP). Applying the exact functor R,7Q*(0(m, 0) <S> — ) and reasoning as in the proof of 
Lemma 14.51 gives another distinguished triangle in K & (P): 

Pfc+m ®kMk[-l] 7ri * afc(m '° ) > 7Ti^ fc+ i(m,0) — ► 7ri*7^ fc (m,0) — »Pt + m%M^ 
From this we can deduce two things: 

(1) For — w < k < —m, since Pk+m = 0, it follows that iri*7Zk+i(m, 0) = iri^lZkim, 0). In other 
words 

7ru7?._ m (m, 0) = TTuT^-i-m(m, 0) = • • • = 7ri*7£i_ w (m, 0). 

(2) For k = —m we have that 

C(7Ti*a_ m (m, 0)) = 7r u 72_ m (m,0). 

From (1) and (2) it follows that in fact 

C(7r u a_ m (m, 0)) = 7ri*7£i_ w (m,0). 

On the other hand, it is easy to check that poe m [— 1] : M- m [— 1] — > 7Ti*72.i_ m (m, 0) can be identified 
with 7ri*a_ m (m, 0) : P (g>k A4_ m [-1] — > 7r u 7^i_ m (m, 0). Therefore 

C(poe m [-l]) = nuKx-wim, 0). 

An argument similar to the one used in the proof of Lemma [4.5 1 also shows that (O(m)) = 

7ri + 7?.i_ w (m, 0). Combining this with the previous equation, and using Prop. [3T2l gives 

C(poe m [-l]) - $^_ w (0(m)) = *?, A (0(m)) - 0(m). 

By (|26p this means that C(e m ) = C^O(m) O(m)^ for some A S k, and we claim that A / 0. 

To prove this, observe that by [13 Cor. 2.4.6] there exists unique up to isomorphism £ G C b (P) 
such that £ = C(e OT ) in D b (P), each & is a sum of terms of the form 0(1) with < I < w and £ 
is minimal, meaning that the components of each d £ from 0(1) to 0{l) are for every I. On the 
other hand, since <P m = ido( m ) and for j ^ both M. 3 _ m and are sums of terms of the form 
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0(l) with < / < m, it is easy to deduce that also £ 3 for every j G Z is a sum of terms of the form 
0(1) with < I < m. So we must have A / (otherwise obviously £ = 0(m) C(m)[l]), which 
proves that C(e m ) = 0. □ 

Remark 4.7. Theorem 11.11 admits the following generalization. Let X be a smooth stacky hyper- 
surface of degree d < w in P. Then one can still define the functors L and K as in ([1]) and ([2]), 
although K is not an equivalence when d < w. Denoting by (Ox(^), ■ ■ ■ , Ox( w — d)) the full triangu- 
lated subcategory of D b (X) generated by the exceptional sequence (Ox(l), . . . , Ox(w — d)), we con- 
sider its right orthogonal D := (Ox(l) 5 • • • , 0x(w — d)}^. Explicitly, D is the full triangulated sub- 
category of D b (X) with objects the complexes T such that RHomxIOxfj),^) = 0for0<i<w — d 
(obviously T> = B b (X) if and only if d = w). It is easy to see that G = LoK: D b (X) -» D b (X) 
sends D to itself, and one proves that 

(27) (G| s )o...o(G|s)^(-)[2] 

V „ ' 

d-times 

(clearly this generalizes ([3]), which is the particular case d = w). When P = P n+1 and d < w = 
n + 2, ([27]) is equivalent to |Ku[ Lemma 4.2], where G is replaced by 0[1] = KoL and T) by 
21 = (Ox, ■ ■ ■ , Ox(n + 1 — d)) (the equivalence of the two statements follows from the fact that 
G = LoO[l] o L _1 and T> = L(2t)). 

The proof of (I27p is quite similar to that of Theorem 11.11 so here we just sketch the main 
steps, emphasizing what needs to be added or changed. Of course, we still have G = $g with Q 
defined as in Prop. 14.11 but now Claim 14.21 holds only for < m < d (essentially with the same 
proof, and replacing w with d in Lemma l4.5p . On the other hand, Lemma 14.31 must be changed to 
Q w = 5*Ox(—d)[2] (with the same proof). Therefore (f27|) will follow if we prove that 

( 28 ) $g d (d,o)h- ®g v (d,o)h- 

To this purpose observe that by what we have shown at the end of the proof of Prop. 14.11 there are 
distinguished triangles in K b (XxX) for d < m < w 

- — - fjm (d—m,0) . — - 

O x {d -m)M M- m ^Gm{d, 0) >G m+ i(d, 0) ^O x (d - m) M M- m [l) ■ 

In order to conclude that (|28p holds, it is then enough to prove that 

for d < m < w. Now, by part (1) of Lemma 12.21 

for every Since M.- m — ■M—m m D b (P), where each M-^_ m is a finite direct sum of 

terms of the form Op(i) with m — w < i < (see jO Remarks 2.5.4 and 2.5.5]), we have that 

KT(X, M- m ®T) = RT(X, M- m ® F) = RHom x {M_ m , J 7 ), 

and the last term is if d < m < w (in which case clearly M._ m G ■ ■ ■ , Ci(w — d))) and 

T G S, thereby proving (p9|) . 

In analogy with [Ku[ Lemma 4.1] it can also be proved that the Serre functor of D is isomorphic 
to (G|j)) od - w [n - 1] (for d = w this is just (-)[n-l]). 
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